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UVWXYV Z[\X]^_^V Z `^aYbYcY_ dVY_dVYbeb bdf gfhf gXWX]_ZV
gi Ujkf

kVcl^[m nceXZXobY_]pq oXeYXn rbsbeXtdVY_dVYbl_aebu^Vce ifvf wXnXob^irbxbV]p^[_ X\\X^_^Y[q oXeYXn rbsbeXtdVY_dVYbl_aebu^Vce jfyf zXn{c^XZ|
eV^oboVY rbsbeXtdVY_dVYbl_aebu^Vce vfjf jea_^XZ

v_oc}V~ Xn�V^bsVxb~q `^aYbYcY abaY_d b^rXndVYbeb
gi Ujk

�V}bYV aXaYXbYa~ � �� � ~^ZVn~ ���� �f Z �� lVaXZ ^V sVa_oV^bb
obaa_nYVxbX^^X�X aXZ_YV y ���f���f�� Z `^aYbYcY_ dVY_dVYbeb
bdf gfhf gXWX]_ZV gi Ujk \X Von_acq \nf zX\Y��V �| ������|
�f kXZXabWbnaef

g obaa_nYVxb_m dX�^X Xs^VeXdbYpa~ Z WbW]bXY_e_ `^aYbYcYV
dVY_dVYbeb bdf gfhf gXWX]_ZV gi Ujkf

jZYXn_r_nVY nVsXa]V^ � � � o_eVWn~ ���� �f

�l_^[m a_en_YVnp
obaa_nYVxbX^^X�X aXZ_YV|
of rftdf ^f �f vf �VdVnob^
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��� ¡¢£¤¥¦�£ �§¨©ª UVaenVaeV �nVrV Z {bnXeXd ad[a]_

_aYp nVsWb_^b_ obaen_Y^X�X XW«_eYV ^V WX]__ \nXaY[_ \XoXW«_eY[f
vZboc aZX_m XW}^XaYb nVaenVaeV �nVrXZ sV^bdV_Y Z obaen_Y^Xm
dVY_dVYbe_ ZV�^X_ d_aYX b bd__Y d^X�Xlba]_^^[_ \nb]X�_^b~|XaXW_^^X Z b^rXndVYbe_ ¬nVa\n_o_]_^b_ \Vd~Yb| obV�^XaYbeVX{bWXe Z \nX�nVddVu b Yf of­| sVoVl_ ^Vs^Vl_^b~ lVaYXY Z dXWb]p^Xd
Y_]_rX^bnXZV^bb| Z Y_Xnbb nVa\baV^bm b onf ®XdXdXnrbsd[
�nVrXZ ¯ WX]__ XW}__ \X^~Yb_| l_d nVaenVaeV ¬o_maYZbY_]p^X|
sVoVlV e]Vaabl_aeXm Z_n{b^^Xm nVaenVaeb _aYp ^_ lYX b^X_| eVe
�XdXdXnrbsd ^V \X]^[m �nVr­| Z \Xa]_o^__ Zn_d~ X^b b^Y_^abZ^X
bsclV�Ya~ Z aVd[u nVs^[u Va\_eYVufUVaenVaeV \]Xaebu �nVrXZ YVe�_ \n_oaYVZ]~_Y aXWXm {bnXec�XW]VaYp baa]_oXZV^b~| Z[nXa{c� bs s^Vd_^bYXm \nXW]_d[ l_Y[n_u
enVaXe| n_{_^^Xm Z ���� �f zf j\\_]_d b vf °Ve_^Xd ±�| �| �²| Z
^VaYX~}__ Zn_d~ Z ^_m nVWXYV�Y aXY^b a\_xbV]baYXZfyXeVsVY_]paYZX
Y_Xn_d[ X l_Y[n_u enVaeVu Xa^XZV^X ^V \XaYnX_^bb ^_bsW_�^Xm
abaY_d[ bs \XlYb \X]cYXnV Y[a~l aZXobd[u eX^rb�cnVxbmfync�Xm
\nbd_n YX�X �_ nXoV ³ ´YX \XaYnX_^^V~ ifvfwXnXob^[d ±�| �²
abaY_dV bs \nbd_n^X ��� aZXobd[u eX^rb�cnVxbm o]~ oXeVsVY_]paYZV
YX�X| lYX ]�WXm \]Xaebm �nVr ~Z]~_Ya~ Vxbe]bl_aeb �tnVaenV{bZV_d[d¬Yf _f oX\caeV_Y YVec� \nVZb]p^c� nVaenVaec Z � xZ_YXZ| lYX
]�WXm \Xo�nVr| \XnX�o_^^[m Z_n{b^Vdb oZcu xZ_YXZ|³ Vxbe]bl_aebm­fµ_Xn_dV ifvfwXnXob^V XW Vxbe]bl_aeXm �tnVaenVae_ Ze]�l_^VZX ZZ_o_^bb e^b�b vfµXrYV b µf¶_^a_^V ±��² Z lba]X �� ZV�^_m{bun_sc]pYVYXZ \X nVaenVae_ �nVrXZ sV Za_ �Xo[f v \Xa]_o^__ Zn_d~
Z nVWXYVu sVncW_�^[u dVY_dVYbeXZ ´YV Y_Xn_dV \X]clb]V n~o
\nb]X�_^bm e onc�bd sVoVlVd nVaenVaebf v �]VZ_ �·]Xaeb_ �nVr[�
´YXm e^b�b xbYbnc�Ya~ WX]__ �� n_sc]pYVYXZ ifvfwXnXob^V| jfvfzXaYXleb|
vfjfjea_^XZV b hfgf¸_]p^beXZVf

v obaa_nYVxbb bsclV�Ya~ Xnb_^YbnXZV^^V~ b �tobaYV^xbX^t^V~ nVaenVaeb nVsn_�_^^[u \]Xaebu �nVrXZf v Y_Xnbb �nVrXZ
d_nXm nVsn_�_^^XaYb �nVrV G \nb^~YX albYVYp dVeabdV]p^c�
an_o^�� aY_\_^p Z_n{b^|mad(G)| Za_u _�X \Xo�nVrXZfy]~ \]Xaebu�_ �nVrXZ nVsn_�_^^XaYp XW[l^X Z[nV�V�Y Z Y_ndb^Vu XWuZVYV
g(G)| Yf _f o]b^[ db^bdV]p^X�X xbe]Vf k_Ynco^X \XeVsVYp| lYX
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_a]b �nVr G \]Xaebm| YX mad(G) ≤ 2g(G)
g(G)−2

f g onc�Xm aYXnX^[| Z
ab]c bsZ_aY^Xm Y_Xn_d[ ¹no_{V ¬����­ X nVaenVae_ a]clVm^[u
�nVrXZ| ac}_aYZc_Y ¬̂ _\]Xaebm­ �nVr G| bd_�}bm \nXbsZX]p^XWX]p{b_ g(G) bmad(G)f ºVaYp n_sc]pYVYXZ obaa_nYVxbb oXeVs[ZV_Ya~o]~ \nXbsZX]p^[u nVsn_�_^^[u �nVrXZ| Yf _f a ba\X]psXZV^b_d
dVeabdV]p^Xm an_o^_m aY_\_^b| V ^_ XWuZVYVfUVaadVYnbZV_d[_ Z obaa_nYVxbb Zbo[ nVaenVaXe sV^bdV�Y
Z Y_Xnbb �nVrXZ sVd_Y^X_ d_aYXf ·_nZ[m bs ^bu baa]_oc_Ya~ a
eX^xV ��tu �XoXZ| V ZYXnXm ³ a ^VlV]V ��tuf iWV ZboV nVaenVaXe\nbZ]_eV�Y b^Y_n_a a\_xbV]baYXZ \X Y_Xnbb �nVrXZ eVe aZX_m
dVY_dVYbl_aeXm enVaXYXm| YVe b aZ~s~db a onc�bdb ZboVdb nVaenVaXe
¬Vxbe]bl_aeXm| enc�XZXm| YXYV]p^Xm| n_W_n^Xm| (p, q)tnVaenVaeXmb \n_o\baV^^Xm­ b V]�_WnVbl_aeXm Y_Xnb_m \XYXeXZfinb_^YbnXZV^^[_ nVaenVaeb aZXo~Ya~ e \XaYnX_^b� �XdXdXnrbsdV
{bnXebu e]VaaXZ Xnb_^YbnXZV^^[u �nVrXZ ^V a\_xbV]p^X \XoXWnV^^[_Xn�nVr[ ¬db{_^b­ a ^_WX]p{bd lba]Xd Z_n{b^f iYd_Ybd| lYX
e]Vaabl_aeV~ sVoVlV Z_n{b^^Xm nVaenVaeb dX�_Y nVaadVYnbZVYpa~
eVe \XaYnX_^b_ �XdXdXnrbsdV sVoV^^X�X �nVrV ^V ^Vbd_^p{bm
\X]^[m �nVrKn

f inb_^YbnXZV^^V~ nVaenVaeV b^X�oV XeVs[ZV_Ya~
Y_a^X aZ~sV^^Xm a onc�Xm sVoVl_m X �XdXdXnrbsd_| enc�XZXmnVaenVaeXm| Z eXYXnXm b}_Ya~ �XdXdXnrbsd ^_Xnb_^YbnXZV^^[u
�nVrXZ ^V db^bdV]p^[m xbnec]~^Yfync�bdb a]XZVdb| Yn_Wc_Ya~nVaenVabYp Z_n{b^[ sVoV^^X�X �nVrV xZ_YVdb 0, 1, . . . , k−1 YVe|lYXW[ xZ_YV ]�W[u aXa_o^bu Z_n{b^ XY]blV]bap ^V Z_]blb^c|X�nV^bl_^^c� eVe a^bsc| YVe b aZ_nucf iYd_Ybd| lYX Z e]Vaabl_aeXmnVaenVae_ Z_n{b^ X�nV^bl_^b_ aZ_nuc ^V nVaaYX~^b_ d_�oc xZ_YVdb
aXa_o^bu Z_n{b^ XYacYaYZc_Y| V a^bsc nVZ^X 1| Z YX Zn_d~ eVe Z
(p, 0)tnVaenVae_ X�nV^bl_^b_ a^bsc nVZ^X p| V X�nV^bl_^b_ aZ_nucYVe�_ XYacYaYZc_Yf�V \n_o_]Vdb Y_Xnbb �nVrXZ b^Y_n_a e �tobaYV^xbX^^Xm nVaenVae_XW«~a^~_Ya~ Y_d| lYX b X^V aVdV b YVeb_ __ XWXW}_^b~ eVe (p, q)tnVaenVaeV b \n_o\baV^^V~ (p, q)tnVaenVaeV ~Z]~�Ya~ Xo^Xm bs
_aY_aYZ_^^[u dXo_]_m Z \nXW]_d_ nVa\n_o_]_^b~ nVobXlVaYXY Z
a_Y~u dXWb]p^X�X Y_]_rX^bnXZV^b~f j bd_^^X| \nb (p, q)tnVaenVae_\]XaeX�X �nVrV _�X Z_n{b^[ ¬\_n_oVYlbeb­ oX]�^[ W[Yp nVaenV{_^[
¬\X]clbYp lVaYXY[­ YVe| lYXW[ xZ_YV Z_n{b^ ¬x_][_ lba]V­ ^VnVaaYX~^bb � nVs]blV]bap ^_ d_^__| l_d ^V p| V ^V nVaaYX~^bb
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� ³ ^_ d_^__| l_d ^V q f �o_ap p > q | YVe eVe lVaYXY[ W]b�_nVa\X]X�_^^[u baYXl^beXZ oX]�^[ nVs]blVYpa~ ab]p^__ ZZboc
b^Y_nr_n_^xbb ZX]^f v lVaY^XaYb| (1, 1)tnVaenVaeV _aYp �tobaYV^xbX^^V~nVaenVaeVf ·nb ´YXd b^X�oV eV�o[m baYXl^be bd__Y aZXm aXWaYZ_^^[m
^VWXn nVsn_{_^^[u lVaYXY| Yf _f ZXs^beV_Y bsZ_aY^V~ Z Y_Xnbb
�nVrXZ sVoVlV \n_o\baV^^Xm nVaenVaebf

»§¢£ ¼¡½¥�© aXaYXbY Z \X]cl_^bb ^XZ[u n_sc]pYVYXZ X
nVaenVaeVu ¬Xnb_^YbnXZV^^[u b �tobaYV^xbX^^[u­ nVsn_�_^^[u�nVrXZ| Z Xa^XZ^Xd \]Xaebu| V YVe�_ Za\XdX�VY_]p^[u n_sc]pYVYXZX aYnX_^bb YVebu �nVrXZf

¾§�¥¿À�¡ À¦¦¢§¿¥Á¡¤ÀÂªU_sc]pYVY[ obaa_nYVxbb \X]cl_^[
a \XdX}p� d_YXoV aZXobd[u eX^rb�cnVxbm| Yf _f \cY_d \XaYnX_^b~
^_bsW_�^[u abaY_d eX^rb�cnVxbm| aZXobd[u Z sVoV^^Xm sVoVl_nVaenVaebf y]~ Xo^Xm bs sVoVl \XYn_WXZV]Xap caYV^XZbYp n~o
^XZ[u aZXmaYZ Ycn^bnV ·´]b P (47)| lYX W[]X ao_]V^X a ba\X]psXZV^b_deXd\p�Y_nVf

Ã¡ Ä¤¡Å ¤¥ÁÀÆ¤¡ª v obaa_nYVxbb \X]cl_^[ a]_oc�}b_Xa^XZ^[_ n_sc]pYVY[f
�f �aYV^XZ]_^X aYnceYcn^X_ aZXmaYZX db^bdV]p^[u �nVrXZ|

^_ oX\caeV�}bu �XdXdXnrbsdXZ ^VC(5; 1, 2) b xbe] C5
¬XYacYaYZb_

YVe ^Vs[ZV_d[u �d~�ebu� xbe]XZ­| bs eXYXnX�X| Z lVaY^XaYb Z[Y_eV_Y|
lYX ]�WXm \]Xaebm �nVr XWuZVYV ^_ d_^__ 12 bd__Y Xnb_^YbnXZV^^c��tnVaenVaecf�f yXeVsV^V Xnb_^YbnXZV^^V~ 7tnVaenV{bZV_dXaYp \]Xaebu�nVrXZ XWuZVYV ^_ d_^__ 7f�f ·X]cl_^V aYnceYcn^V~ Y_Xn_dV o]~ \]Xaebu �nVrXZ W_s
Yn_c�X]p^beXZ| bs eXYXnXm Z[Y_eV_Y| lYX YVeb_ �nVr[ dX�^X
�XdXdXnr^X XYXWnVsbYp ^V Ycn^bn ·´]b \Xn~oeV 47f�f ·X]cl_^[ oXaYVYXl^[_ ca]XZb~ ¬Z Y_ndb^Vu dVeabdV]p^Xm
aY_\_\b ∆(G) b XWuZVYV g(G)

­| \nb eXYXn[u �tobaYV^xbX^^X_unXdVYbl_aeX_ lba]X χ2(G) �nVrV G oXaYb�V_Y aZX_m ^b�^_m
�nV^bx[ ∆(G)+1f v lVaY^XaYb| ´YX bd__Y d_aYX \nbq ¬V­∆(G)Ç�b g(G) > 24È ¬W­ g(G) > 8 b ∆(G) > 15f�f vZboc YX�X| lYX ac}_aYZc_Y \]Xaebm �nVr G a g(G) 6 6|o]~ eXYXnX�X χ2(G) > ∆(G)+1 \nb \nXbsZX]p^X WX]p{Xd ∆(G)|\nb g(G) = 6 o]~ Z[\X]^_^b~ nVZ_^aYZV χ2(G) = ∆(G)+1

W[]b
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^Vmo_^[ oX\X]^bY_]p^[_ X�nV^bl_^b~ ^V aYnceYcnc �nVrVf j
bd_^^X| ´YX nVZ_^aYZX bd__Y d_aYX| _a]b ∆(G) > 179| V eV�oX_n_WnX b^xbo_^Y^X �tZ_n{b^_ ¬\Xa]_o^__ ca]XZb_ Z[\X]^~_Ya~| ZlVaY^XaYb| o]~ YXYV]p^[u �nVrXZ­f

É¼¡��ÀÄ§¦�¡Å Ê§¤¤¥¦�£ªUVWXYV ^XabY Y_Xn_Ybl_aebm uVnVeY_nf
znXd_ YX�X| \X]cl_^^[_ n_sc]pYVY[ X �tobaYV^xbX^^[u nVaenVateVu \]Xaebu �nVrXZ bd_�Y XY^X{_^b_ e sVoVlVd| ZXs^beV�}bd
Z dXWb]p^Xm aZ~sb| Z YXd lba]_ e sVoVl_ X ^Vs^Vl_^bb nVobXlVaYXYf

�Ë¼¥½¡ÊÀÅ ¼¡½¥�©ª va_ bs]X�_^^[_ Z obaa_nYVxbb oXeVsVY_]paYZV
\XonXW^X nVsWbnV]bap ^V a_db^Vn_ �µ_Xnb~ �nVrXZ� `^aYbYcYV
dVY_dVYbeb gi Ujk Z ����¯���� ��ffyXe]Vo a XWsXnXd n_sc]pYVYXZ
obaa_nYVxbb W[] ao_]V^ ^V ^Vcl^Xm eX^r_n_^xbb Ì hVZn_^Yp_Zaebu
lY_^bm| \XaZ~}_^^[u ��t]_Yb� ÍecYaeX�X �Xac^bZ_nabY_YV ¬����­|
b \X]clb] Î \n_db� ^V a_exbb �¸VY_dVYbeV| d_uV^beV b rbsbeV�fUVWXYV VZYXnV \X nVaenVae_ \]Xaebu �nVrXZ Z ����¯���� ��f \Xoo_n�V^V
�nV^YVdb UÏÏ` ��t��t����� b ��t��t��Ð��| V Z ���� ³ �nV^YXdn_eYXnV ÍecYaeX�X �XacoVnaYZ_^^X�X c^bZ_nabY_YV bd_^b ¸fzfjddXaXZVf

É ½¢À�¡ÊÀÀª ·X Y_d_ obaa_nYVxbb X\cW]beXZV^[ � aYVY_m
Z �cn^V]_ �gbWbnaeb_ ´]_eYnX^^[_ dVY_dVYbl_aeb_ bsZ_aYb~�
±��²¯±��²| ±��²| � aYVYpb Z �cn^V]_ �ybaen_Y^[m V^V]bs b baa]_oXZV^b_X\_nVxbm� ±��| ��²| � aYVYpb Z �cn^V]_ �¸VY_dVYbl_aeb_ sVd_Yeb
Í®�� ±��| ��² b aYVYp~ Z aWXn^be_ YncoXZ Ì hVZn_^Yp_Zaebu
lY_^bm ±��²f

��¼ �� ¼¡ À ¥½Ñ§¨ ¿À¦¦§¼�¡ÊÀÀª iW«_d obaa_nYVxbb
aXaYVZ]~_Y �� aYnV^bxf i^V aXaYXbY bs ZZ_o_^b~| oZcu �]VZ b
a\baeV ]bY_nVYcn[| aXo_n�V}_�X �Ð ^Vbd_^XZV^bmf

�
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vX ÁÁ§¿§¤ÀÀ bs]V�V_Ya~ \n_o[aYXnb~| XWac�oV�Ya~ n_sc]pYVY[

obaa_nYVxbb b oV�Ya~ ^_XWuXobd[_ X\n_o_]_^b~ b XWXs^Vl_^b~f
v Ë§¼Á¥Â Ô¢¡Á§ aXo_n�VYa~ n_sc]pYVY[ XW Xnb_^YbnXZV^^[u

b enc�XZ[u nVaenVaeVu nVsn_�_^^[u �nVrXZ ¬̂ _ XW~sVY_]p^X
\]Xaebu­finb_^YbnXZV^^V~ ktnVaenVaeV Xn�nVrVG _aYp �XdXdXnrbsd
bsG Z ^_eXYXn[m ktZ_n{b^^[m Ycn^bnH ¬db{_^p­| Yf _f XYXWnV�_^b_
ϕ bs V (G) Z V (H)| \nb eXYXnXd xy ∈ E(G) ⇒ ϕ(x)ϕ(y) ∈ E(H)fync�bdb a]XZVdb| Z_n{b^[ Xn�nVrV H albYV�Ya~ xZ_YVdb b
eV�oXm Z_n{b^_ bsG Yn_Wc_Ya~ \nb\baVYp xZ_Y YVe| lYXW[ ]�WV~
oc�V Z G| ^VlV]X eXYXnXm XenV{_^X Z xZ_Y i| V eX^_x ³ Z j |bd_]Vap W[ Z db{_^b H finb_^YbnXZV^^X_ unXdVYbl_aeX_ lba]X o(G)

X\n_o_]~_Ya~
eVe db^bdV]p^X_ k | \nb eXYXnXd G bd__Y Xnb_^YbnXZV^^c�
ktnVaenVaecf inb_^YbnXZV^^X_ unXdVYbl_aeX_ lba]X �nVrV dX�_Yac}_aYZ_^^X \n_ZXauXobYp _�X unXdVYbl_aeX_ lba]Xf kV\nbd_n|
ac}_aYZc�Y oZcoX]p^[_ �nVr[ a \nXbsZX]p^X WX]p{bd Xnb_^YbnXZV^^[d
unXdVYbl_aebd lba]Xd ¬oXaYVYXl^X sVd_^bYp eV�oX_ n_WnX �nVrV
Kn

^V \cYp o]b^[ �| b YX�oV eX^x[ eV�oX�X YVeX�X \cYb Z
\X]cl_^^Xd �nVr_ K∗

n
| Yf _f Za_ Z_n{b^[ bauXo^X�X �nVrV Kn

|XW~sV^[ enVabYpa~ Z nVs^[_ xZ_YV| YVe eVe Z db{_^b ^_Y V^Yb\VnV]]_]p^[u
oc�­finb_^YbnXZV^^X_ unXdVYbl_aeX_ lba]X W[]X ZZ_o_^X zcna_]_d ±��²
\nb bscl_^bb ]X�be ZYXnX�X \Xn~oeV ^V �nVrVuf v lVaY^XaYb|X^ oXeVsV]| lYX o(G) 6 363 o]~ ]�WX�X \]XaeX�X �nVrV G| VZ ±��² oV^^V~ Xx_^eV W[]V c]cl{_^V oX 80 ¬a ba\X]psXZV^b_d
Vxbe]bl_aeXm �tnVaenV{bZV_dXaYb \]Xaebu �nVrXZ| oXeVsV^^XmifvfwXnXob^[d Z ±�²­f y]~ nVsn_�_^^[u \]Xaebu �nVrXZ e ����
�f W[]b bsZ_aY^[ a]_oc�}b_ n_sc]pYVY[ ¬wXnXob^| v_aY| zbd|
zXaYXleV| k_{_Ynb]| i{Vd| UVa\X| gX\_^V| adf ±�| ��| ��| ��|
��²­q

·caYp G ¯ \]Xaebm �nVr XWuZVYV g(G)f µX�oVq¬Õ­ o(G) 6 59 \nb g(G) > 4È¬ÕÕ­ o(G) 6 19 \nb g(G) > 5È¬ÕÕÕ­ o(G) 6 11 \nb g(G) > 6È

�



¬ÕÖ­ o(G) 6 7 \nb g(G) > 8È¬Ö­ o(G) 6 5 \nb g(G) > 13 b¬ÖÕ­ ac}_aYZc_Y \]Xaebm �nVr G0
a o(G0) > 4 b \nXbsZX]p^XWX]p{bd XWuZVYXdf

kVbWX]p{__ s^Vl_^b_ an_ob n_sc]pYVYXZ �]VZ[ � bd__Y
�§¥¼§¨¡ ×ª×ª ØÙÚÛ ÜÝÞÝßàG áÚÜÙâÛã Û g(G)>12ä åÜ o(G)65 æ¹YV sVoVlV W[]V \XaYVZ]_^V ifvfwXnXob^[d b jfvfzXaYXlteXm XeX]X �� ]_Y ^VsVof ·nb oXeVsVY_]paYZ_ oV^^Xm Y_Xn_d[n_{V�}c� nX]p a[�nV]V bo_~ �]XWV]p^X�X \_n_nVa\n_o_]_^b~

´m]_nXZ[u Ze]VoXZ| ^_ ZaYn_lVZ{V~a~ oX abu \Xn Z nVWXYVu \X
\]Xaebd �nVrVdf ¬°XY~ X^V Y_Xn_Ybl_aeb ^bl_dc ^_ \nXYbZXn_lbY|n_V]bsXZVYp __ nV^__ ^_ coVZV]Xapf­ z]�l_ZXm Z oXeVsVY_]paYZ_
~Z]~_Ya~ ]_ddV X �d~�eXd xbe]_�| ^V]V�V�}V~ aYnX�b_ X�nV^bl_^b~
^V aYnceYcnc db^bdV]p^X�X eX^Yn\nbd_nVf ¹YV ]_ddV a\nVZ_o]bZV
o]~ �nVrXZ \nXbsZX]p^X�X XWuZVYV| \X´YXdc Wco_Y \X]_s^V Z
oV]p^_m{bu baa]_oXZV^b~u \X Xnb_^YbnXZV^^[d b enc�XZ[d �tnVaenVaeVd| aZ~sV^^[d a �b\XY_sVdb µVYYV bç_�_ XW V]�_WnVbl_aebu�t\XYXeVufiYd_Ybd| lYX Z ^V{_m nVWXY_ ±��² ´YV Y_Xn_dV oXeVs[ZV_Ya~
Z WX]__ XW}_d Zbo_q ]�WV~ Xnb_^YVxb~ �nVrV ¬̂ _ XW~sVY_]p^X
\]XaeX�X­ a XWuZVYXd ^_ d_^__ 5 bmad(G) < 12

5
bd__Y Xnb_^YbnXZV^^c�

5tnVaenVaecf zVe a]_oaYZb_| ]�WV~ Xnb_^YVxb~ \]XaeX�X b]b \nX_eYbZ^X\]XaeX�X �nVrV a XWuZVYXd ^_ d_^__ 12 bd__Y Xnb_^YbnXZV^^c�
5tnVaenVaecf�o_ap �_ ceV�_d ^V aZ~sp d_�oc sVoVlVdb Xnb_^YbnXZV^^Xm
b enc�XZXm nVaenVaXe ¬WbW]bX�nVrb� \X enc�XZ[d nVaenVaeVd
adf Z ±��²­fy]~ \nXaYXY[ \nbZ_o_d X\n_o_]_^b_ enc�XZXm nVaenVaeb
^_Xnb_^YbnXZV^^X�X �nVrV G Z � xZ_YXZq Yn_Wc_Ya~ nVaenVabYp
_�X Z_n{b^[ xZ_YVdb 0, 1, . . . , 4 YVe| lYXW[ xZ_YV ]�W[u oZcu
ad_�^[u Z_n{b^ XY]blV]bap ^V � b]b � \X mod 5| lYX ´eZbZV]_^Y^Xac}_aYZXZV^b� �XdXdXnrbsdV �nVrV G ^V xbe] C5

f vX\nXa X
enc�XZXm �tnVaenV{bZV_dXaYb \]Xaebu �nVrXZ XWuZVYV �� YVe�_XaYVZV]a~ XYen[Y[d Z Y_l_^b_ ^_aeX]pebu ]_Yf kVd coV]Xap
a^VlV]V oXeVsVYp ´YXY rVeY| V sVY_d c�_ Y_Xn_dc �f�f iWV oXeVsVY_]paYZV
bd_�Y Xob^VeXZc� aYnceYcnc| ^X Z Y_Xn_d_ �f� \nb{]Xap \n_XoX]_ZVYp
oX\X]^bY_]p^[_ Ynco^XaYbf ¹YXY n_sc]pYVY X enc�XZXm �tnVaenV{bZV_dXaYb

Ð



XaYV]a~ ^_X\cW]beXZV^^[d| b _�X oXeVsVY_]paYZX Z obaa_nYVxb�
^_ Ze]�l_^Xf vXsdX�^X| lYX _a]b W[ ^_ W[]V \XaYVZ]_^V sVoVlVX enc�XZXm �tnVaenV{bZV_dXaYb| YX b Y_Xn_dV �f� ^_ W[]V W[
oXeVsV^V oX abu \Xnfinb_^YbnXZV^^V~ nVaenVaeV Y_a^X aZ~sV^V a YVe ^Vs[ZV_d[db
V^Ybabdd_Ynbl_aebdb \XYXeVdb| V enc�XZV~ ¯ a �b\XY_sXm ç_�_
¬��Ð�­ X enc�XZ[u Z_eYXn^Xs^Vl^[u \XYXeVuf v aZX� Xl_n_op|
�b\XY_sV ç_�_ ~Z]~_Ya~ cab]_^b_d �b\XY_s[ µVYYV X�t\XYXeVuf ia]VW]_^^[m ZVnbV^Y �b\XY_s[ ç_�_ aXaYXbY Z YXd|
lYX eV�o[m \]Xaebm �nVr XWuZVYV ^_ d_^__ Ð bd__Y enc�XZc��tnVaenVaec ¬\nb XWuZVY_ � bsZ_aY^[ \nbd_n[ �nVrXZ| ^_ oX\caeV�}bu
enc�XZXm �tnVaenVaeb­f µVebd XWnVsXd| oV]p^_m{b_ cab]b~ baa]_oXZVY_]_mWcocY ^V\nVZ]_^[ ^V oXeVsVY_]paYZX Xnb_^YbnXZV^^Xm b enc�XZXm�tnVaenV{bZV_dXaYb \]Xaebu �nVrXZ a XWuZVYXd XY �� oX Ðf

ync�bd cab]_^b_d nV^__ bsZ_aY^[u n_sc]pYVYXZ ~Z]~_Ya~
�§¥¼§¨¡ ×ªèª ØÙÚÛ ÜÝÞÝßàG áÚÜÙâÛã Û g(G)>7ä åÜ o(G)67 æiYd_Ybd| lYX o]~ \]Xaebu �nVrXZ W_s Yn_c�X]p^beXZ| Yf _f

a XWuZVYXd ^_ d_^__ �| dVeabdV]p^V~ an_o^~~ aY_\_^p Z_n{b^
Z YVebu �nVrVu dX�_Y W[Yp aeX]p c�Xo^X W]bseV e �| eVe b
Z c\Xdb^VZ{bua~ Z[{_ �nVrVu K∗

n
| ^X \nb ´YXd o(K∗

n)
nVaY_Y

^_X�nV^bl_^^X a nXaYXd nf ·Xa]_o^bm bs Xa^XZ^[u n_sc]pYVYXZ�]VZ[ � aXaYXbY Z c]cl{_^bb Z_nu^_m Xx_^eb �� o]~ Xnb_^YbnXZV^^X�X
unXdVYbl_aeX�X lba]V YVebu �nVrXZ oX ��f

�§¥¼§¨¡ ×ªéª ØÙÚÛ ÜÝÞÝßàG áÚÜÙâÛã Û g(G)>4ä åÜ o(G)647 æÏVeYbl_aeb d[ oXeVs[ZV_d| lYX eV�o[m Xnb_^YbnXZV^^[m
\]Xaebm �nVr a XWuZVYXd ^_ d_^__ � bd__Y �XdXdXnrbsd Z Ycn^bn
·´]b P (47)| Yf _f Ycn^bn ^V Z_n{b^Vu 0, 1, . . . , 46| Z eXYXnXd
\VnV ij ~Z]~_Ya~ oc�Xm bs i Z j | _a]b b YX]peX _a]b j = i +
qk

¬êëì ��­| �o_ qk
³ Xob^ bs �� eZVonVYbl^[u Z[l_YXZ \X

êëì ��f yXeVsVY_]paYZX ba\X]psc_Y n~o ^XZ[u aZXmaYZ Ycn^bnV
P (47)| ^Vmo_^^[u ^Vdb a \XdX}p� eXd\p�Y_nV b ^_X�boV^^X
Z[sZVZ{bu b^Y_n_a c a\_xbV]baYXZ \X V]�_WnVbl_aeXm eXdWb^VYXnbe_f
znXd_ YX�X| \nb oXeVsVY_]paYZ_ Y_Xn_d[ �f� W[]X caYV^XZ]_^X
^XZX_ aYnceYcn^X_ aZXmaYZX \]Xaebu �nVrXZ| eXYXnX_ b^Y_n_a^X
aVdX \X a_W_| W_sXY^XabY_]p^X _�X aZ~sb a nVaenVaeVdb| b dX�_YnVaadVYnbZVYpa~ eVe Ze]Vo Z aYnceYcn^c� Y_Xnb� \]Xaebu �nVrXZf

�



vX Á�¥¼¥Â Ô¢¡Á§ \X]cl_^[ oXaYVYXl^[_ ca]XZb~ ¬Z Y_ndb^Vu
dVeabdV]p^Xm aY_\_\b ∆(G) b XWuZVYV g(G)

­| \nb eXYXn[u �tobaYV^xbX^^X_ unXdVYbl_aeX_ lba]X χ2(G) �nVrV G oXaYb�V_Y
aZX_m ^b�^_m �nV^bx[ ∆(G) + 1fUVaenVaeV f : V (G) → {1, 2, . . . , k} �nVrVG = (V, E) ^Vs[ZV_Ya~�tobaYV^xbX^^Xm| _a]b ]�W[_ oZ_ Z_n{b^[| ^VuXo~}b_a~ ^V nVaaYX~^bb^_ WX]__ �| XenV{_^[ Z nVs^[_ xZ_YVf kVbd_^p{__ lba]X xZ_YXZ
Z �tobaYV^xbX^^[u nVaenVaeVu �nVrVG ^Vs[ZV_Ya~ �tobaYV^xbX^^[dunXdVYbl_aebd lba]Xd �nVrV G b XWXs^VlV_Ya~ l_n_s χ2(G)f�VoVlV �tobaYV^xbX^^Xm nVaenVaeb ZXs^beV_Y Z \nb]X�_^b~uÈ ZlVaY^XaYb| X^V ~Z]~_Ya~ Xo^Xm bs Xa^XZ^[u dXo_]_m Z \nXW]_d_nVa\n_o_]_^b~ nVobXlVaYXY ¬·UU­ Z a_Y~u dXWb]p^X�X Y_]_rX^bnXZV^b~f

v Y_Xnbb �nVrXZ bsZ_aY^V �b\XY_sV ®fv_�^_nV ±��² X YXd| lYX
χ2(G) 6 b3

2∆(G)c + 1 o]~ ]�WX�X \]XaeX�X �nVrV G ¬adf YVe�_
dX^X�nVrb� µfUf¶_^a_^V b wfµXrYV ±��| aYnf ��²­f

Íf ZV^ o_^ °XmZ_] b�f¸Ve ®b^^_aa ±�² oXeVsV]b| lYX χ2(G)6
2∆(G) + 25 o]~ ]�WX�X \]XaeX�X �nVrV G| V ®f j�^VnaX^Xd b
¸f °X]oXnaX^Xd ±�² W[]X caYV^XZ]_^X| lYX χ2(G) 6 b9

5∆(G)cí�\nb∆(G) > 749f kVb]cl{_m bs X\cW]beXZV^^[u Z_nu^bu Xx_^Xeo]~ \nXbsZX]p^[u \]Xaebu �nVrXZ ~Z]~_Ya~ χ2(G) 6 d9
5∆(G)eí�\nb ∆(G) > 47 ¬±Ð²­fil_Zbo^X| lYX χ2(G) > ∆(G)+1 o]~ ]�WX�X �nVrV G ¬ZZboc

YX�X| lYX Z ]�WXd �nVr_ _aYp sZ_soV K1,∆(G)

­f vXs^beV_Y ZX\nXaq
o]~ eVebu �nVrXZ �tobaYV^xbX^^X_ unXdVYbl_aeX_ lba]X nVZ^X´YXm YnbZbV]p^Xm ^b�^_m Xx_^e_î z YVebd �nVrVd XY^Xa~Ya~|
^V\nbd_n| Za_ o_n_Zp~f

h_�eX Zbo_Yp| lYX χ2(C3k+1) = 4| Yf _f ac}_aYZc�Y �nVr[
G a ∆(G) = 2 b \nXbsZX]p^X WX]p{bd XWuZVYXdf v ±��| �Ð| ��²
^Vdb \XeVsV^X| lYX _a]b XWuZVY \]XaeX�X �nVrV G \nb ∆(G) > 3oXaYVYXl^X Z_]be| YX χ2(G) = ∆ + 1fv obaa_nYVxb� Ze]�l_^[ oXeVsVY_]paYZV YX]peX Y_u n_sc]pYVYXZ
bs nVWXY ±��| �Ð²| eXYXn[_ \nb^Vo]_�VY obaa_nYV^Ycq

�§¥¼§¨¡ èª×ª ïðÙåñ G ò áÚÜÙâÛã ÞÝßàä åÜÞóß χ2(G) =
∆(G) + 1 ô âßõóÜö Û÷ ÙÚøóðùúÛû ÙÚðüßøôý

(i) ∆(G) = 3 Û g(G) > 24þ
(ii) ∆(G) > 15 Û g(G) > 8 æ

��



g onc�Xm aYXnX^[| eVe \XeVsV^X Z ±�Ð²| ac}_aYZc�Y �nVr[
a g(G) 6 6| o]~ eXYXn[u χ2(G) > ∆(G) + 1 \nb \nXbsZX]p^XWX]p{Xd ∆(G)f v ±�Ð² \X]^XaYp� n_{_^ ZX\nXa X YXd o]~ aeX]p
dV][u g(G) dX�^X �VnV^YbnXZVYp nVZ_^aYZX χ2(G) = ∆(G) + 1]b{p \cY_d ^V]X�_^b~ X�nV^bl_^b~ ^V ∆(G)f·nb g(G) = 6| ZZboc aeVsV^^X�X Z[{_|o]~ Z[\X]^_^b~ nVZ_^aYZV
χ2(G) = ∆(G) + 1 Yn_Wc�Ya~ oX\X]^bY_]p^[_ X�nV^bl_^b~ ^V
aYnceYcnc �nVrVf vYXn[d Xa^XZ^[d n_sc]pYVYXd ZYXnXm �]VZ[
~Z]~_Ya~

�§¥¼§¨¡ èªèª ØÙÚÛ G ò áÚÜÙâÛã ÞÝßà Üÿûôßåß 6ä ô âÜåÜÝÜö
∆(G) > 179ä ß âßõóÜø ÝøÿÝÜ Û��Ûóø�å�Ü 2�ôøÝ�Û�øä åÜ χ2(G) =
∆(G) + 1 æv aZ~sb a Y_Xn_dXm �f� XYd_Ybd| lYX bsZ_aY^V~ sVoVlV YXYV]p^XmnVaenVaeb �nVrV G ¬Yf _f aXZd_aY^Xm nVaenVaeb _�X Z_n{b^ bn_W_n| \nb eXYXnXm ]�W[_ oZV ad_�^[u b]b b^xbo_^Y^[u ´]_d_^YV
\X]clV�Y nVs^[_ xZ_YV­ aZXobYa~ e sVoVl_ �tobaYV^xbX^^Xm nVaenVaebZa\XdX�VY_]p^X�X �nVrVG∗ | Z eXYXnXd eV�oX_ n_WnX b^xbo_^Y^X
�tZ_n{b^_È V bd_^^X| \X]clV_dX�X bs G sVd_^Xm eV�oX�X n_WnV
^V x_\p o]b^[ �f

v sVe]�l_^b_ VZYXn Z[nV�V_Y baen_^^�� W]V�XoVn^XaYp aZX_dc
^Vcl^Xdc nceXZXobY_]� ifvfwXnXob^c sV \XaYV^XZec sVoVl b
\XdX}p| XeVsV^^c� \nb \Xo�XYXZe_ obaa_nYVxbb| b jfkf®]_WXZc
sV Z^bdVY_]p^X_ \nXlY_^b_ nceX\ba_m WX]p{b^aYZV aYVY_m b ao_]V^^[_
sVd_lV^b~f

�����	�
�	

±�² wXnXob^ ifvf yXeVsVY_]paYZX �b\XY_s[ wf ®n�^WVcdVXW Vxbe]bl_aeXm �tnVaenV{bZV_dXaYb \]Xaebu �nVrXZ ��
yXe]Vo[ jk gggUf ����f µf ���| � �f gf �Ð¯��f

±�² 
���� �f| ����� �f ��� ��Õ������ ë� ���ÖëÕì���� ���� ë�  �të !���Õ����"  ëëì �ë�# �!��Õë�� �� Î��Õ�ëÕ� $f %���f ����f &f
��f 'f ��Ð¯���f

±�² 
���� �f| ����� �f ��� �ë���Õë� ë� ��� �ë�!t�ë�ë!tê�� �!ë�t��ê �� (�Õ���Õ#� 
ê�!Õ���f ����f &f ���| � �f 'f ��Ð¯���f

��



±�² 
���� �f| ����� �f ��� �ë�! �ë�ë! �!ëë� ��)��� �� %���f
Î�����Õ ����!f ��Ð�f &f Ð|� �f 'f ��¯��f

±�² 
 ��!��ë� *f| ����ì +ë!��ë� %f %f ,ë�ë!Õ� �ë-�!� ë� �����!
 !���� �� .�����Õ���ì ê�����!Õ��| ����f

±�² &�� ì�� ���Ö�� $f| %�*�Õ����� (f ,ë�ë�!Õ� ��� �/��!� ë� �
�����!  !��� �� .�����Õ���ì ê�����!Õ��| ����f

±�² 0ë!ëìÕ� 1f&f 1� ��"��Õ� �ë�ë!Õ� � ë� �����!  !���� �� 2Õ��!���
%����ê��Õ��f ����f &f ��f 'f ���̄ ���f

±Ð² wXnXob^ ifvf| wncadV °f| ®]_WXZ jfkf| vV^ o_^ °XmZ_] Íf
¸b^bdV]p^[_ aY_\_^b b unXdVYbl_aeb_ lba]V eZVonVYXZ
\]Xaebu �nVrXZ �� ybaen_Yf V^V]bs b baa]_of X\_nVxbmf
g_nf �f ����f µf Ð|� �f gf �¯��f

±�² 0ë!ëìÕ� 1f&f| �ë��ë���� 
f&f| 3�4���4!Õ� $f| 5�����ì 
f ��ì
(ë���� 6f 1� ��� ê��Õê�ê �Ö�!� � ì� !�� ��ì ��� ë!Õ����ì
��!ëê��Õ� ��ê��! ë� �  !��� �� 2Õ��!��� %����ê��Õ��f ����f
&f ���f 'f ��¯��f

±��² 0ë!ëìÕ� 1f&f| �Õê (ft$f| �ë��ë���� 
f&f| ��ì ���� 2f0f �ëtêëêë!��Õ�ê� �!ëê ���!��  !���� -Õ�� ��! �  Õ!�� �� $ë�!���
ë� ,ëê�Õ���ë!Õ�� ���ë!"f (�!Õ�� 0f ����f &f ��f 'f ���¯���f

±��² ,ë�!����� 0f ��� êë��ìÕ� ���ë�ì ë!ì�! �ë Õ� ë�  !���� &Îq 1�
��Ö�!�� !��!�������Õë�� ë�  !���� �" !����Õë��� ��!����!�� ��
2Õ��!��� 
���f %���f ����f &f ��f 'f ���¯���f

±��² 3�4���4!Õ� $f| 5�����ì 
f ��ì (ë���� 6f ,ë�ë!Õ� � ��ì  Õ!�� ë�
ë!Õ����ì �����!  !���� �� 2Õ��!��� %���f ����f &f ���¯���|
� �̄ �f 'f ���¯���f

±��² 1���ê 'f 1!Õ����ì �ë�ë!Õ� � ë� �!Õ�� ��t�!�� �����!  !���� ��
Î��f '!ë����f 7���f ����f &f ��|� �f 'f ��t��f

±��² 5�����ì 
f ��ì (ë���� 6f *ëëì ��ì ��êÕt��!ë� �ë�ë!Õ� � ë�
ë!Õ����ì �����!  !���� �� Î��f '!ë����Õ� 7����!�f ����f &f ��f
'f ���̄ ���f

��



±��² $����� �f 5f| �ë�� 0f *!��� �ë�ë!Õ� �!ë���ê� �� 3�- 8ë!�f
$ë��¯�Õ��" 9 (ë��f ����f

±��² �� ��! *f *!���� -Õ��  ÕÖ�� ìÕ�ê���! ��ì � �ë�ë!Õ� �!ë���ê
�� �����Õ��� 5��ë!�f .�ÕÖ�!�Õ�" ë� 2ë!�ê��ìf ����f

8:;<=>?@== ?ABCD? EC BFGF H=IIFDB?@==

±��² wXnXob^ ifvf| `ZV^XZV jfif| k_caYnX_ZV µfzf �tobatYV^xbX^^V~ nVaenVaeV nVsn_�_^^[u \]Xaebu �nVrXZ ��
gbWbnaeb_ ¹]_eYnX^^[_ ¸VY_dVYbl_aeb_ `sZ_aYb~f ����fµf �f ,f ��¯��f

±�Ð² wXnXob^ ifvf| ®]_WXZ jfkf| `ZV^XZV jfif| k_caYnX_ZV µfzf|µV{eb^XZ vfjf yXaYVYXl^[_ ca]XZb~ �tobaYV^xbX^^Xm¬∆+�­tnVaenV{bZV_dXaYb \]Xaebu �nVrXZ �� gbWbnaeb_
¹]_eYnX^^[_ ¸VY_dVYbl_aeb_ `sZ_aYb~f ����f µf �f gf ���¯
���f

±��² wXnXob^ ifvf| `ZV^XZV jfif inb_^YbnXZV^^V~ �tnVaenVaeV\]Xaebu �nVrXZ a XWuZVYXd ^_ d_^__ � �� gbWbnaeb_ ¹]_etYnX^^[_ ¸VY_dVYbl_aeb_ `sZ_aYb~f ����f µf �f gf ���¯���f
±��² wXnXob^ ifvf| `ZV^XZV jfif inb_^YbnXZV^^V~ nVaenVaeV

\]Xaebu �nVrXZ a XWuZVYXd ^_ d_^__ � �� gbWbnaeb_
¹]_eYnX^^[_ ¸VY_dVYbl_aeb_ `sZ_aYb~f ����f µf �f gf ���¯
���f

±��² wXnXob^ ifvf| `ZV^XZV jfif| k_caYnX_ZV µfzf yXaYVYXl^[_
ca]XZb~ �tobaYV^xbX^^Xm (∆ + 1)tnVaenV{bZV_dXaYb\]Xaebu �nVrXZ a XWuZVYXd � �� ybaen_Y^[m V^V]bs b
baa]_oXZV^b_ X\_nVxbmf ����f g_nf �f µf ��| � �f gf ��¯��f

±��² wXnXob^ ifvf| `ZV^XZV jfif| zXaYXleV jfvfinb_^YbnXZV^^V~ �tnVaenVaeV Z_n{b^ Z nVsn_�_^^[u
�nVrVu �� ybaen_Y^[m V^V]bs b baa]_oXZV^b_ X\_nVxbmf
����f g_nf �f µf �|� �f gf ��t��f

±��² wXnXob^ ifvf| `ZV^XZV jfif| k_caYnX_ZV µfzf �tobatYV^xbX^^V~ b Xnb_^YbnXZV^^V~ nVaenVaeb nVsn_�_^^[u

��



\]Xaebu �nVrXZ �� Ì hVZn_^Yp_Zaeb_ lY_^b~| \XaZ~}_^^[_��t]_Yb� ÍecYaeX�X �XacoVnaYZ_^^X�X c^bZ_nabY_YV bdf
¸fzf jddXaXZVq kVcl^V~ eX^r_n_^xb~f gWXn^be aYVY_mfµXd Îq g_exb~ �¸VY_dVYbeV| d_uV^beV b rbsbeV� ¯ ÍecYaeq
`sotZX Í®�f ����f gf ��¯��f

±��² wXnXob^ ifvf| `ZV^XZV jfif| k_caYnX_ZV µfzf i aYnX_^bb
d]Vo{bu �nV^_m Z Z[\ce][u d^X�X�nV^^beVu �� ¸VYf
sVd_Yeb Í®�f ����f µf ��f � �f gf ��¯��f

±��² wXnXob^ ifvf| `ZV^XZV jfif| k_caYnX_ZV µfzf (p, q)tnVatenVaeV nVsn_�_^^[u \]Xaebu �nVrXZ ��¸VYf �Vd_Yeb Í®�f
����f µf ��f � �f gf �¯�f

±��² wXnXob^ ifvf| `ZV^XZV jfif| k_caYnX_ZV µfzf
·n_o\baV^^V~ (p, q)tnVaenVaeV nVsn_�_^^[u \]Xaebu
�nVrXZ �� gbWbnaeb_ ¹]_eYnX^^[_ ¸VY_dVYbl_aeb_
`sZ_aYb~f ����f µf �f gf ���¯���f

��



`ZV^XZV j^^V i]_�XZ^V
inb_^YbnXZV^^V~ b �tobaYV^xbX^^V~ nVaenVaeb\]Xaebu �nVrXZ a sVoV^^[d XWuZVYXd

jZYXn_r_nVY
obaa_nYVxbb ^V aXbaeV^b_ cl_^Xm aY_\_^b
eV^oboVYV rbsbeXtdVY_dVYbl_aebu ^Vce

·Xo\baV^X Z \_lVYp ��f��f��f ÏXndVY ��uÐ� ����f�a]f \_lf ]f �|�f �lftbsof ]f �|�f µbnV� ��� ´esf�VeVs 3 ���f

iY\_lVYV^X Z iii �id_�V ·nb^Y�|
\nf hVZn_^Yp_ZV| �| ������ kXZXabWbnaef


